F-theory requires a new Virasoro algebra, including κ-symmetry, with a worldvolume coordinate for each generator. (Similar is implied for the superstring.) Doubles of the spacetime coordinates are eliminated by selfduality, which now applies to all currents.
The (spacetime) spinor size increases by a factor of 2 from one oval to the next. We have indicated not only the worldvolume coordinates σ and spacetime coordinates X, but also the R-symmetry group H ′ for worldvolume scalars Y , and the bispinor index structure for all.
For F-theory and S-theory, the isotropy groups are thus: Just as T-theory doubles the dimensions to incorporate winding number before compactification, F-theory further increases the number of dimensions to manifest U-duality. The symmetry is spontaneously broken, and the dimensions reduced, by solving the section conditions in going to a "unitary" gauge, reproducing the usual string formalism. However, it might be possible to define "covariant" gauges where the full symmetry remains manifest by including appropriate ghost degrees of freedom [5] .
Previously we defined F-theory generalizations of strings with exceptional gravity in various dimensions D, described by selfdual coordinates X(σ) [6, 7] . This leads to a doubling of the usual string coordinates [8] [9] [10] when reduced to T-theory. We then generalized to critical superstrings by adding 10−D spacetime scalar coordinates Y , their worldvolume duals Y (needed for constraints/section conditions), and spinor coordinates Θ for supersymmetry [11] . In this paper we will also double the fermionic coordinates [12] as a natural extension: Fermionic selfduality is then the equivalent of fermionic dimensional reduction [13] .
(We'll omit Y , which will return in future papers.)
As we have seen repeatedly, target space and worldvolume coordinates/symmetries are mixed up in F-theory. The worldvolume frame E and target frame E are related by the orthogonality constraint. The naive extension of the target space symmetries without analogously extending the worldvolume leads to a constraint that is incompatible with existence of the target gravitino. We thus will find that extension of the spacetime to include fermionic coordinates (superspace) will require the same for the worldvolume. This differs from our previous treatments, where a nontrivial flat ("vacuum") worldvolume vielbein was required only when "Lorentz" (H D ) coordinates and current were introduced [14] . But just as the usual worldvolume coordinates realize the Virasoro-like generators, their superpartners realize κ-symmetry. As a result, the worldvolume coordinates transform under the same supersymmetry as the spacetime coordinates, just as they do (even for the bosonic theories) under the same generalized Lorentz symmetry.
Our new approach differs from previous treatments of κ-symmetry on branes in that it simultaneously has all the following properties:
• It's generated by P / D (+SΩ) [4] , as for strings [15] , so its parameter is a spacetime spinor.
• It's implemented as a first-class constraint, with its own worldvolume Lagrange multiplier/gauge field [15] , and is accompanied by the other first-class constraints.
• It comes with worldvolume fermionic coordinates ϑ µ ("(supersymmetry) 2 ") [16, 17] .
• They translate under κ symmetry (δϑ µ = κ µ ) in the same way the spacetime fermionic coordinates translate under supersymmetry (δΘ µ = ǫ µ ) [18, 19] .
coordinates bosons fermions spacetime X m (σ, ϑ) Θ µ (σ, ϑ)
worldvolume σ ϑ µ There are several advantages over our previous approach:
• The isotropy group, with generators S and their duals Σ, is required and determined as part of the current algebra, as a consequence of closure of the super Virasoro algebra.
• The generalization of the string's first-class constraint system (spacetime supersymmetric Virasoro algebra) [15] is manifested. However, the weight-3 constraint is removed, leaving only constraints of weight 2 (like the usual Virasoro).
• A fermionic partner to Θ is required as a worldvolume gauge field, allowing supersymmetrization of the gauge part of X and thus manifestly covariant worldvolume field strengths.
• The current Ω dual to D is in the dual Lorentz representation (as in S and T-theory);
this duality extends to all first-class constraints.
• The resulting coordinate doubling thus can be removed by supersymmetrizing the selfduality condition.
• The background gravitino and Lorentz connection are consistent with orthogonality of the vielbein.
• Earlier linearized results for 3D minimal supergravity [20] are confirmed.
Notation
On graded indices, [... ) will stand for graded anti-symmetrization whereas To simplify factors of "i", in our conventions the invariant derivatives are graded antihermitian, while the currents are graded hermitian. So the commutation relations for canonically conjugate variables are now uniformly
(i.e., p = ∂/∂x, but P = −iδ/δX) for both bosons and fermions. (This also implies that the γ matrices that appear as structure constants in the supersymmetry algebra are antihermitian, and have an extra "−i" compared to the usual conventions.) Thus the relation of the action of the fundamental currents ⊲ A and invariant derivatives ∇ A on a function φ can be expressed as
(The Dirac δ functions and integrals dσ are over all bosonic and fermionic worldvolume coordinates.) Currents of the form P + ∂X are then normalized without extra powers of 2:
P to produce the above relation between ⊲ and ∇, ∂X so that it appears with the same normalization as P in a diagonal basis in S-theory. This also fixes the normalization of the Schwinger term in the current algebra. (For similar reasons, structure constants f AB C tend to have factors of 2 in them in a real basis, but not in a complex one. We'll skip this convention in this paper to favor the structure constants, rather than the explicit representation of generators.)
The generators S α (B α ) of κ-symmetry are generally in the (spacetime) Lorentz (spinor)
representation dual to that of the spacetime supersymmetry generators q α . Something analogous (but not so exact) relates generators of spacetime and worldvolume translations [20] .
This makes it more natural to label worldvolume derivatives ∂ M = ∂/∂σ M with contravariant indices (superscripts), as opposed to the covariant indices (subscripts) on spacetime deriva-
We use "flat" indices A, B, ... to label flat superspace, while using "curved" indices (In the appendices we sometimes label Θ, etc., with underlined spinor indices α, since those "Lorentz" representations may be reducible. But in the body of the paper we use simply α to improve legibility.)
Currents and gaugings
We will need to define the following related quantities: (1) worldvolume currents ⊲ A (σ), defining an affine Lie superalgebra ("weight 1"), (2) spacetime invariant derivatives ∇ A , representing the zero-modes of these currents (ordinary Lie superalgebra), (3) a supersymmetric generalization S A (σ) of the Virasoro algebra (including κ-symmetry), constructed from bilinears of the fundamental currents ("weight 2"), and (4) worldvolume invariant derivatives D A , representing the zero-mode part of the generalized Virasoro algebra in terms of worldvolume derivatives.
There are then three types of currents and the gauge transformations they generate:
The first kind of transformation, generated by the fundamental currents ⊲ A , is spacetime coordinate transformations, acting on the background fields. The second kind, generated by the Virasoro operators S A , is worldvolume coordinate transformations. They are first-class constraints, and so are gauged by Lagrange multipliers that are essentially the worldvolume metric. Together with selfduality, they imply the existence of the third, "Gauss" type of gauge transformation, with generators U A . They are also first-class constraints, and their
Lagrange multipliers are the "τ -components" of X (X M being the "σ-components"). The bosonic parts of the indices on the currents correspond to particular representations of the exceptional groups E D+1 :
Besides the Virasoro and Gauss constraints S and U, there are also the "section" conditions, which result from replacing some of the ⊲'s in the constraints with ∇'s (zero-modes), acting on functions or their products. These spontaneously break the symmetry by reducing the dimension of spacetime and (for U) the worldvolume (as the full S and U constraints do for the nonzero-modes).
Outline
In the section immediately following we review properties of ordinary Lie superalgebras as they relate to F-theory. Most of the constraints on the invariant tensors, including those required by the Virasoro algebra, already appear in the Lie superalgebra.
In the next section we continue our general analysis by discussing properties of the flat superspace current algebras of F-theory: the fundamental (affine Lie) algebra, the Gauss constraint algebra implied by the Virasoro constraints, and the Virasoro algebra itself. Then we find explicit expressions for the fundamental currents.
In the following section we specialize to current algebras of interest, relevant to superstrings. We find not only that supersymmetry now requires the complete set of currents ⊲ = SDP ΩΣ considered in previous papers, but also an analogous set of super Virasoro generators S A for A = ̟ς, and Gauss constraints U = S D P Ω Σ. We summarize the constraints found earlier, and list various γ-matrix identities that will be found useful later.
(These identities are proven for various D in the appendices.)
We next find explicit expressions for the constant tensors appearing in these algebras by solving the constraints. This solution proves the necessity of the set of currents just discussed.
Because of the symmetry relating dual "Lorentz" representations of currents, a small number of specialized tensors reappear among the components of the general tensors.
We conclude by outlining topics remaining for investigation.
2 Lie algebra
Representations
As usual, the zero-modes of the current algebra define an ordinary Lie superalgebra
with (antihermitian) generators G A and structure constants f AB C . The invariant derivatives for right multiplication on the group element g(X) are
where as usual, for any representation of the group element g and generators G g
The "flat-space vielbein" R A M appears in the flat currents in a similar way. It is in no way related (other than range of indices) to the curved-space vielbein E A M : For example, it does not satisfy an orthogonality relation. In particular, the structure constants can be expressed in terms of R in the usual way, without the ηη term appearing in the definition of the torsion T : These symmetry generators are proportional to the invariant derivatives by a factor of the group element g M A in the adjoint representation,
(The "flat" index "A" on g M A is associated with right multiplication, while the "curved"
index "M" is associated with left multiplication.) They can also be expressed directly in terms of partial derivatives with a vielbein for left multiplication as done above for ∇ for right multiplication, using instead (dg)g −1 . The above equation then expresses the fact that the ratio of the two vielbeins is given by the group element.
The group space will be identified with (super) spacetime. This group G is not the one used for the coset of the massless bosonic fields: It is identified with (first-quantized)
coordinates for spacetime, not (second-quantized) fields on spacetime (although they are sometimes interpreted as fields on the worldvolume). However, the subgroup H is the same, 
where g A M is the inverse of the group element g M A in this dual worldvolume representation, and therefore acts as the worldvolume vielbein. Closure of the algebra of the κ-symmetry generators will require extension of the worldvolume representation beyond that found in earlier papers.
Invariant tensors
We also define the "worldvolume structure constants"
which can be recognized (see (2.2) and (2.3)) as the worldvolume representation of the group generators, just as the structure constants f give the adjoint representation:
They thus satisfy the usual Jacobi identities
which can also be obtained from the curl of (2.4) and (2.7). The group element g in the two
representations can be expressed, e.g., by the usual exponential parametrization g = e X A G A .
The invariant tensor η ABC will be used to construct the Virasoro operators, while η ABC will appear in the current algebra. These tensors act as Clebsch-Gordan-Wigner coefficients relating the spacetime (A) and worldvolume (A) representations in the (graded) symmetric part of the product (A ⊗ B) S = C + ... and its dual. Their invariance under infinitesimal group transformations yields the identities
These are the generalizations of the f symmetry conditions of T-theory, broken by .
From separating the former into its totally symmetric and mixed symmetry pieces we have
Since it has mixed symmetry, the last can also be written as
From tracing (2.10b) we have
Defining "τ " as an arbitrary (bosonic) direction in the worldvolume space, we can use η ABτ as an (almost) ordinary metric: We can then define a type of "duality" symmetry (as in T-theory) as the "reflection" symmetry
relating pieces of G A in dual "Lorentz" representations.
We will find a similar duality symmetry on the worldvolume derivatives,
for a metric
(The "bosonic" part is the "Minkowski" metric. Similar remarks apply to the CGW coefficients of the Gauss constraints.) The combined dualities relate (2.10a) to (2.10b).
3 Flat currents
Fundamental
We now give a semi-explicit representation for the currents of flat superspace. These are to be used as a basis for the currents of curved superspace. The flat currents are a generalization of those appearing in 2D nonlinear σ-models defined on compact group spaces [21] and their generalization to the noncompact groups of superstring theory [12, 13, 22] .
The fundamental currents ⊲ A satisfy the bracket rule
where
The currents can be expressed in the form (introducing the spacetime 2-form B)
Just as for R vs. E, the "flat-space differential form" B is not related to the curved spaced one, which appears only as a part of E upon solving its orthogonality constraint.
In addition to the selfdual currents ⊲ A we have the antiselfdual ones ⊲ A , which are normally ignored as second-class constraints,
(In relating to the Lagrangian formalism, P + BDX ∼ . X; the selfdual and antiselfdual currents are ∼ . X ± DX.) The symmetry currents are proportional to the anti-selfdual currents by a factor of the group element g M A ,
so the selfduality constraints can be identified as vanishing of some symmetry currents. The
Killing vectors (2.5) then follow from the zero-modes,
since the zero-modes of ⊲ and ⊲ are the same. Furthermore, in an appropriate gauge g M A can be taken as triangular with respect to engineering dimension, so imposing the upper half of one as first class can be interpreted as imposing the upper half of the other. The S-sectioning constraints, quadratic in these zero-modes, can then be interpreted as covariant first-class versions of the zero-mode part of the selfduality condition, effectively imposing half the Killing vectors as constraints.
Gauss
The fundamental currents are related to spacetime invariant derivatives directly as (1.3)
However, the Virasoro currents (1.4)
are related more subtly to the worldvolume invariant derivatives: We require
Since explicit evaluation gives
and
while selfduality (3.3) implies
this requires "cancelation" of upper and lower η's by the constraint that generates the Gauss gauge transformation:
Here the tensor U takes a simple form in terms of η, but requires some CGW coefficients to factorize on the irreducible " A " representation:
This constraint is a result of the spacetime coordinates being gauge fields on the worldvolume: e.g., X(σ, τ ) resembles a worldvolume differential form. In the Hamiltonian formalism in which our present discussion takes place, separation of τ and σ (and the corresponding reduction in manifest symmetry) has separated these gauge fields X M into their "τ -components" X M , which act as Lagrange multipliers for the corresponding "Gauss constraints" U, and their purely "σ-components" X M , which survive as propagating on the worldvolume in the temporal gauge [6] .
and in particular,
(again imposing selfduality and the Gauss constraint). This is the only form in which selfduality (combined with Gauss constraints) will need to be imposed in the following manipulations.
Virasoro
The Virasoro algebra transforms the currents and vice versa as, applying (2.10b),
(Previously we considered also "V" and "W" constraints, which we can assume as derived from U and ⊲.) This should be compared with, applying selfduality as (3.14), but not (2.10b),
Note that this algebra resembles the algebra of first-class constraints for S-theory [15] , if we introduce f , , and η ABC , but only η AB (not η ABC ). Our previous (super) F-theory paper [4] corresponded to using a bosonic worldvolume index in η AB and thus D , but an extended "super" worldvolume index A in AB C and η ABC , and thus in the complete algebra of Virasoro-related first-class constraints S A , while A = 0. In principle, even after extending the worldvolume to a superspace, there need not be an identification between the η's and 's that appear in the D and S algebras. But we'll see later that this identification is required by the explicit form of the commutation relations for the algebras relevant to F-theory. At this point in our general discussion such an identification already seems natural.
2-form
Explicit evalution of the ⊲ algebra (3.1) by substituting (3.2) yields
where the non-closure term δ∆DX is given by, separating ∆ = A + M the totally antisymmetric (A) and mixed symmetry (M) parts in ABC,
Here the field strength H of B is defined in the usual way: With curved indices it's simply the (graded) curl of B,
and thus flattening the indices
We have already assumed constant η,
The first part of M vanishes by the algebraic constraint (2.12). We can then obtain closure of the ⊲ algebra by applying the selfduality constraint in the form (3.14) to produce an η from DX. The A contribution and that from the rest of M can be made to vanish separately: For the latter we need the final constraint
For the former we want to solve
With the help of (2.12) and (3.24), this can also be written in a form similar to S-theory as
where k is the normalization appearing in
A solution for (3.25) can be found in a convenient gauge where B is chosen constant:
Then dropping the ∇B term expresses H in terms of just the constants B, f , and . The result is [23] 
(indices on w not summed) where w A is the spacetime scaling weight (engineering dimension) associated with the current ⊲ A . Similarly, we can associate a weight w A to S A and D A ; then the dimensionlessness of the constant tensors implies
(for reasons explained in the next section).
The constraint is then found to be satisfied using again (2.12) and (3.24), as well as the symmetric analog of (3.24):
However, this already vanishes, using the Lie algebra identities. The explicit (gauge-independent) form for H found from this constant-gauge B is
The symmetry currents (3.4) should also commute with the covariant currents:
Explicit evaluation shows this to be the case with the constraints above.
As a check of the above solution of the algebra, we can also solve its Jacobi identities.
We are allowed to apply selfduality (3.14) to evaluate these identities, but not on the [ ⊲, ⊲} algebra itself beforehand, which we therefore write as (3.18) (but we can drop the part of ∆ proportional to (2.12)). The Jacobi identities then imply (2.9a) and (2.12).
Specialization

Supersymmetry
The supersymmetrization of the F-theory current algebra presented in some of our previous papers [4, 11] has an inconsistency: It missed the requirement that the worldvolume also be generalized to a superspace. This result could have been guessed from the close relation between it and spacetime, or from the fact that the Virasoro algebra in S-theory is generalized to a type of superalgebra by the completion of first-class constraints.
This inconsistency would appear when solving the orthogonality conditions for a massless background. Although we do not consider such backgrounds explicitly in this paper, some of the conditions on the torsion are essentially just first derivatives of (integrability conditions for) the orthogonality conditions. In particular, we examine conditions (including Bianchi identities) on the flat version of the torsions, the structure constants f and .
Unlike the previous sections, we now specialize the current algebra to supersymmetric algebras of interest. We start from the minimal version of the previous papers: the currents D, P, Ω and bosonic worldvolume covariant derivative . As we solve the constraints, we will find not only the necessity of new worldvolume (super)coordinates, but also a change , 2. Furthermore, is found to extend to (details below). There is a correspondence between ̟ς and SDP ΩΣ, as indicated by the lightcone formalism, since 
We can also relate ⊲ and U directly by picking out the component − of that survives reduction to S and T-theory:
There is then the pairing of coordinates
with Lagrange multipliers X M coming from ⊲ and U for each engineering dimension (as found in previous papers for P [4, 6, 7, 11] ), as representations of the "Lorentz" symmetry of the full worldvolume (including τ ).
Constraints
We have found various types of identities required of the constant tensors, which we collect here. From Lie algebra we have from the commutation relations
and from the invariance of the CGW coefficients
From solving the fundamental current algebra:
These constraints also imply some ηηη identities (discussed for the bosonic case in [4] ).
They will be analyzed in a future paper.
γ matrix identities
We will also use some generic Dirac-matrix identities: There is the relation between spacetime matrices γ a αβ , γ aαβ and worldvolume matrices Γ β γ , and its dual
The γ-matrices are given by the supersymmetry algebra, essentially by knowing the range of the indices α and a. The above identities then fix the range of index , as well as determining the Γ -matrices and η 5 Constraint solution
Outline
In this section we solve many of the constraints collected in the previous section (with proofs for various D left for the appendices). But first we give a listing of components of these constraints, and the results found from each one: to (4.5a), and (f η) ABCE to (4.5b).
The basic idea is that, starting from just the {D, D} ∼ P part of the Lie algebra, the structure of the theory is tight enough to determine the rest of the Lie algebra (SΩΣ), the worldvolume ( ̟ς), and the various current algebras (fundamental, Virasoro, Gauss). In particular, this includes finding the Lorentz group H D (S) and its representations by all these quantities (at least for D ≤ 5).
Cases of Ω
We first look at the only identity (4.4a) involving only f and neither nor η (and thus the only Bianchi identity not affected by the change in worldvolume). Since the only nonvanishing f 's involving only DP Ω are
the only nontrivial such identity is (f f ) DDD Ω :
(Sometimes we will use the symbols for the currents/worldvolume invariant derivatives in place of their indices. Actually, the necessity of f DP Ω , and of Ω itself, follows from the Bianchi identity (5.18a) below.) Its solutions follow from the Fierz identities (4.10), which suggest two possibilities, using either the σ or τ parts of the identities. The former was considered previously [11] : It leads to the solution
The latter gives instead
This Ω has the same indices as in S-theory and T-theory. As a result, its gauge parameter Λ Ω = Λ α agrees with that found from the analysis of the superspace of (linearized) 3D F-theory [20] .
Then the only nonvanishing f 's and η's at this point are
(as follows from dimensional analysis and "Lorentz" invariance).
Virasoro
We now consider the consequences of the identity needed for the Virasoro algebra (4.5a).
Because this uses η ABC rather than η ABC , it will more easily constrain currents of higher engineering dimension rather than lower. But they also resolve the Ω ambiguity of the previous subsection.
We examine the (f η)
P Ω D identity, needed for [S , D]. If we still consider just DP Ω fundamental currents, and S Virasoro, ignoring , neither type of Ω offers a solution. So we include the term, which in this case requires the existence of the ̟ Virasoro P Ω:
(paying careful attention to implicit signs from relative ordering of fermionic indices). Then for the two cases of Ω we have (with ̟ α for Ω α , and
where we have used (again from dimensional analysis and Lorentz invariance, up to coefficients)
The former (Ω α ) case is inconsistent, while the latter (Ω α ) case works.
Similarly, we find the necessity of the ς Virasoro ΩΩ from (f η)
or more explicitly
which again could not be satisfied without the right-hand side.
The existence of ̟ Virasoro and of Virasoro = κ symmetry (see below) also requires S in the fundamental algebra: From the (f η)
P Ω P identity,
we find
which identifies f Sa b and γ Sγ β as the usual vector and spinor representations of S, without which this identity could not be satisfied. (Any one term requires all three. S then requires Σ in the algebra in the same way that D required Ω.) This identity is almost identical to the "dual" identity (f η) P P D̟ ,
up to raising/lowering an a index with η abτ , under the identifications
The case (f η) P P D yields the γ-matrix relation (4.7a), as
Note that this requires Dτ = 0.
κ-symmetry
Whereas (4.5a) implied the existence of the higher-dimensional ̟ (P Ω) and ς (ΩΩ), (4.5b) requires the lower-dimensional (P D) of κ-symmetry, and (DD). Of these identities, the only nontrivial ones for just DP Ω are (f η) DDP and (f η) P DD : If we ignore the 's,
where the latter is simply the antisymmetrization of the former. In fact, the former is the one that shows the necessity of the existence of Ω (in T-theory and S-theory as well). For Ω α these identities would be satisfied.
But we saw in the previous subsection the requirement of Ω α instead. There the worldvolume needs again to be extended: For Ω α we could neglect terms because of the vanishing of the η's multiplying them. However, the former identity, more explicitly
has no solution even in the 3D case, where in normal Dirac γ-matrix notation it is something of the form
(Similar remarks apply to the latter identity.)
If we want to keep the spacetime unmodified, the simplest modification is to introduce an η carrying P D indices: This corresponds to adding the κ-symmetry generator S = P / D (and its associated worldvolume covariant derivative ) to the Virasoro generators S =
This Bianchi identity then becomes
(Note that this equation is in some sense "dual" to (5.7), exchanging currents with dual currents when raising/lowering indices.) More explicitly
(dual to (5.8b)), where we have set
as the only available invariant tensors, up to normalization. This equation is satisfied.
However, this does not appear in the latter identity (5.18b), which has instead on its right-hand side: By the dual to (5.10),
introducing a new Virasoro constraint S = DD, with its new bosonic worldvolume coordinate. This is also implied by the identity (f η) DDD : without 's
which is violated. This also requires the introduction of :
This identity is essentially the same as the "dual" identity (f η)
which instead requires the introduction of ς, under the identifications
The case (f η) DP P ̟ yields the γ-matrix relation (4.7b), as the dual to (5.17),
Note that this requires D̟ τ = 0.
Gauss
The analysis of the previous subsections has helped to elucidate the details of spacetime and the worldvolume, and their coordinate invariances, through the cataloging of the metric η and structure constants f, . A complete analysis would require the factorization of the U matrices (in terms of the η's just found) onto the CGW coefficients c (3.12), thus determining the Gauss gauge transformation. Here we discuss a few general features, and leave a detailed analysis for a future paper.
The classification of U constraints (c's) strongly resembles that of S constraints (η's, which are also CGW coefficients), as well as that of the ⊲'s themselves:
For example, for the old Ω, we would find
and thus no corresponding fermionic gauge parameter nor field. On the other hand, for the new one no such cancelation is possible. Furthermore, the representation for D, a mixed symmetry trispinor, can be seen already by noting that it includes terms from both P and
D.
The existence of D ∼ D + ... is why, unlike the usual version of superstring theory, the first-class constraints close without the introduction of a dimension-3 operator D D.
Its Lagrange multiplier is a "partner" to Θ, and will allow a Lagrangian formulation of Ftheory that is manifestly symmetric with respect to both supersymmetry and the generalized Lorentz symmetry.
Summary
Now the nontrivial invariant tensors are
(where η αβ = −η βα , etc.). There are also many tensors involving S, which are easily determined by Lorentz-group theory, and their "dual" tensors involving Σ.
Thus the flat-space current algebra now looks like this:
and similar relations with S or Σ on the left-hand side.
Also, we have for infinitesimal global symmetry transformations
and in particular for supersymmetry
These leave invariant the derivatives (ignoring Lorentz coordinates)
where ∂ α = ∂/∂θ α , ∂ a = ∂/∂x a , ∂ α = ∂/∂ϑ α , and ∂ = ∂/∂σ .
Conclusions
We have shown that consistent backgrounds for the supersymmetric case require the worldvolume be described by a superspace that includes fermionic worldvolume coordinates for κ-symmetry, or more generally for a set of first-class constraints. We also found that selfduality could be generalized to the entire affine Lie algebra, explaining the origin of the constraints that eliminate doubled fermionic coordinates for spacetime.
These results open up many new avenues of exploration:
⋄ Massless backgrounds need to be examined: For example, the naive orthogonality of the vielbeins needs to be reduced to the usual bosonic one by the torsion constraints (as in
T-theory the large OSp symmetry is broken to O(D,D)).
⋄ The minimal 3D case should be examined in detail, for comparison to results for (linearized) supergravity obtained previously by methods not directly related to string theory.
The appearance of superconformal transformations in the linearized 3D theory suggests the relevance of the usual supergroups, which might clarify the algebraic structure.
⋄ In general, and especially for the critical dimension D = 10, the "internal" Y (σ) coordinates and their duals need to be included. This may require some modification from our earlier treatment. In particular, addition of new currents implies new U constraints (from Y ), but a similar extension to worldvolume coordinates (D and S) is also expected. The tensor hierarchy might naturally show up here.
⋄
We have yet to describe generalization to higher D (before including Y ).
⋄ In this paper we have used mostly the Hamiltonian formalism; translation to the Lagrangian formalism would have several important uses. For example, the new choice of Ω allows the covariantization of supersymmetry with respect to the "Lorentz" symmetry of the Lagrangian formalism. This is a direct consequence of the appearance of a fermionic gauge field Θ τ , the "other part" of the Lorentz spinor Θ, which also allows a nontrivial supersymmetry transformation of the bosonic gauge field. This will require a further analysis of the U constraints.
⋄ A related issue is the appearance of τ as a worldvolume coordinate in the Hamiltonian formalism. This needs to be eliminated, or identified with or (at least) related to the usual "time" τ , possibly in a way similar to how the second τ was removed by worldvolume sectioning for D = 4 [7] .
⋄ The significance of ϑ as a worldvolume coordinate, and its corresponding superspace, is yet to be understood: Why should it not appear also for the superstring and even for the superparticle? In particular, it would eliminate the objectionable weight-3 DγD ⋄ It might also be interesting to investigate any relationships to the "superembedding" approach [24, 25] : The main constraint there is, in our notation,
which in our formalism can be recognized as part of the selfduality condition (3.14) with the imposition of the usual mixed first and second-class constraints
A Representations
The covering groups listed in (1.1) allow the use of spinor notation to simplify algebra.
Bosons tend to be bispinors: We sometimes use the notation (αβ), [αβ] , {αβ}, αβ to indicate matrices that are symmetric, antisymmetric, SO-traceless (symmetric), and Sptraceless (antisymmetric).
The representations that appear in D=1-6 are
[αβ] Here is a list of some of the spacetime γ-matrices, worldvolume Γ -matrices, and η ab relating the two. The latter two will be derived from the first in the following subsection, but we list them here for convenience. For D = 3 we have
where C is the antisymmetric, hermitian (imaginary) Sp(4) metric, with normalization
The expressions for Γ are the same as in D = 3, but also the complex conjugate equations.
For D = 5,
The expression for Γ is again the same as D = 3.
We stop at D = 6, where a = ( [αβ] , [αβ] ):
For D = 5 and 6 we have ignored the R-symmetry factors that accompany the γ's; these will be discussed below where necessary.
We also have the convention for contracting bispinor versions of vector (or other) indices, whenever there is a (anti)symmetry on the two spinor indices .12) to avoid double counting (but no 
B Matrix identities B.1 Dirac matrix identity
In this appendix we examine (4.7) including extra scalars Y even for the "minimal" case, so will be left for a later paper.
Note that in this case
for the traceless and trace pieces.
The case D = 4 is similar, but actually a bit easier because of the separation of undotted (4) and dotted (4) indices. We then have
and the complex conjugate equations (α ↔ . α). So there is also the complex conjugate part of Γ above, since
(There are now two "τ "'s, which is resolved for D = 4 by worldvolume sectioning [7] .) D = 5 is more similar to D = 3, but trading symmetrization for traceless antisymmetrization (ignoring R-symmetry USp(2) indices, which factorize trivially for this identity): 
so now we have
There is also a 70 that doesn't appear in the (flat-space) supersymmetry algebra.
B.2 Lorentz identity
We now show how the constraint (5.13) 
which tells us
(γ S ) α β easily can be identified as group generators for the symplectic group in the defining representation by raising and lowering indices with the metric C: 
We can thus again identify
and now
(and the complex conjugate equations). Complexification then gives the group Sp(4,C). D = 5 is again similar to D = 3:
Pseudoreality gives the group USp(4,4). D = 6 is again simplest: The 2 γγ terms contribute separately to different matrix elements, due to lack of an Sp metric C. (Thus each γ must have mixed up and down spinor indices.)
For example, which it strongly resembles. The result is essentially the same, with some raising and lowering of indices, and it applies to rather than its dual ς.
We'll give a complete determination of (and thus ς) in the following subsection.
B.4 Fierz identity
Before looking at the Fierz identity, we examine (5.28) and (5.29), which are similar to it, but have opposite symmetrization: (2) 2 , giving the extra 4 "internal" dimensions for the critical 6 + 4 = 10.) Details will be left for a future paper.
